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Abstract. In this paper, we prove that if the initial data 9 Q and its Riesz transforms 

gl-2a,oo 

(fti(0o) and TZ 2 (0 o )) belong to the space (5(K 2 )) 00 , where a g]1/2,1[, then the 
2D Quasi-Geostrophic equation with dissipation a has a unique global in time solu- 
tion 9. Moreover, we show that if in addition 9o E X for some functional space X 
such as Lebesgue , Sobolev and Besov's spaces then the solution 9 belongs to the space 
C([0,+oo[,X). 

1. Introduction and main results 

In this paper, we are concerned with the initial Value-Problem for the two-dimensional 
quasi-geostrophic equation with sub-critical dissipation 



d t 9 + ( — A) Q 9 + V.(9ix) = on R+ x 
9(0, x) = 9 (x), xeM 2 



(QG«) 

where a g]|, 1[ is a fixed parameter and V denotes the divergence operator with respect 
to the space variable iel 2 . The scalar function 9 represents the potential temperature. 
The velocity u = (ui,v,2) is divergence free and determined from 9 through the Riesz 
transforms 
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The non local operator (— A) a is defined through the Fourier transform 

•n(-A) Q /)(o = ierw)(o 

where F(f) is the Fourier transform of / defined by: 

Hf)(0 = /(£)= I !(■>■)< ' ** <i>- 

Jm. 2 

To study the existence of the solutions of the equations (QG a ) we will follow the Fujita- 
Kato method. Thus we convert the equations (QG a ) into the fixed point problem 

(1.1) O(t)=e<- A rO Q + B a [O,0\(t). 
Here (e~* ( ~ Ar ) t>0 is the semi-group defined by: 

^(e- i( " A) 7) (0=e-^V(/)(0 
and B a is the bi-linear operator given by: 

(1.2) B a [e 1 ,e 2 ](t) = -c a (e 1 K J -{e 2 )) 

where, for v = (vi,v 2 ), 

(1.3) C a (v)(t)= f e- {t - s){ - A)a V.vds. 

Jo 

In the sequel, we mean by a mild solution on ]0,T[ to the equations (QG a ) with data 
#0 a function 9 belonging to the space L 2 OC ([0, T[, F 2 ) and satisfying in V(]0, T[xR 2 ) the 
equation (11.11) where F 2 is the completion of S^IR 2 ) with respect to the norm 

11/11*5,= sup (||l B(a!0 ,i)/|| + ||1b (:E0 ,i)^ ± (/)|| 2 ) . 

a; GM 2 

One of the main property of the equations (QG a ) is the following scaling invariance 
property: if 9 is a solution of (QG a ) with data 6*0 then, for any A > 0, the function 
9 x (t,x) = \ 2a - l 9(\ 2a t,\x) is a solution of (QG a ) with data 6 0t x(x) = A 2a -^ (Aa;). This 
leads us to introduce the following notion of super- critical space: A Banach space X will 
be called super- critical space if S^IR 2 ) <^-> X S(M. 2 ) and there exists a constant Cx > 
such that 

V/GX, sup A 2 — 1 ||/(A.)||^ < <^ 11/11^- 

0<A<1 

For instance, the Lebesgue space L P (M?) (respectively, the Sobolev space fP(M 2 )) is super- 
critical space if p > p c = j~[ (respectively, s > s c = 2 — 2a). Moreover, one can easily 
prove that the Besov space 5^ 2a,00 (R 2 ) is the greatest super- critical space. The first 
purpose of this paper, is to prove the global existence of smooth solutions of the equations 
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(QG a ) for initial data in a sub-critical space B a closed to the space B^ 2a,0O (M 2 ). Our 
space B a is the completion of S^IR 2 ) with respect to the norm 

II/IIb« = II/IIb^t 2 "' 00 + ll 7 ^" L (/)|lB^ 2a '°° ' 

Before setting precisely our global existence result, let us recall some known results in 
this direction: In [19], J. Wu proved that for any initial data 9q in the space L P (IR 2 ) with 
p > p c the equations (QG a ) has a unique and global solution 9 belonging to the space 
L°°([0, +oo[, L P (M. 2 )). Similarly, P. Constantin and J. Wu [I] showed the global existence 
and uniqueness for arbitrary initial data in the Sobolev space H S (R 2 ) where s > s c . Notice 
that these results don't cover the limit cases p = p c and s = s c . 
Our global existence result reads as follows. 

Theorem 1.1. Let v — 1 — For any initial data 9q G B q the equation (QG a ) has 
a unique global solution 9 belonging to the space flT>oEy, where is the completion of 
C~(]0,T] x M 2 ) with respect to the norm 

\\V\U= SUp ^(IKOIIoo+H^WWllJ- 

1 0<t<T 

Moreover, 

C7([0,+oo[,B Q ). 

Our second main result is a persistency theorem that states that the solution 9 given by 
the previous theorem keeps its initial regularity Precisely, our theorem states as follows. 

Theorem 1.2. Let X be one of the following Banach spaces: 

• X = L P (R 2 ) with 1 < p < oo. 

• X = Bp' q (R 2 ) with s > -1 and 1 < p, q < oo. 

• X = B s p ' q (R 2 ) with s > -1 and 1 < p, q < oo. 

Assume 9q G B a PI X. Then the mild solution 9 of the equation (QG a ) given by Theorem 
PI belongs to the space L% c ([0, +oo[, X). Moreover, if 9 G B Q n 5"(IR 2 ) then 9 belongs 
to C([0,+oo[,5(l 2 y X ). 

As a consequence of the previous theorems, we have the following theorem that gener- 
alizes the existence results of J. Wu [19] and P. Constantin and J. Wu [1] recalled above. 

Theorem 1.3. Let X be the Lebesgue space L P (M 2 ) with p > p c = 2~i or ^ e Soblev 
space H S (M. 2 ) with s > s c = 2 — 2a. Assume 9q G X. Then the equation (QG a ) with initial 
data 9q has a unique global mild solution 9 belonging to the space C([0, +oo[, X). 
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The remainder of this paper is as follows : in section 2 we recall some definitions and we 
give some useful Lemmas that will be used in this paper. In section 3, we prove Theorem 
11.11 Section 4 is devoted to the proof of Theorem 11.21 and in section 4, we will prove 
Theorem 11.31 

2. Preliminaries 

2.1. Notations. In this subsection, we introduce some notations that will be used fre- 
quently in this paper: 

(1) Let X be a Banach space such that S(R 2 ) <-+ X «^-> S"(M 2 ). We denote by X n the 
space 

X n = {/ G X; K L {f) G X 2 } 
endowed with the norm 

Wf\\x lz = \\f\\x + \\K ± (f)\\ x - 

We recall that 7l ± (f) = (—^f^if) where 7Zi and 1Z 2 are Riesz transforms. 

(2) Let T > 0, r G [l,oo] and X be a Banach space. L r T X denotes the space 
L r ([0,T[,X). In particular, U T L V will denote the space L r ([0, T[, L P (R 2 )). 

(3) Let X be a Banach space, T > and /i G M + . we denote by L°f([0,T],X) the 
space of functions / :]0,T] — > X such that 

II/IIl~([o,T|,*) = sup t" \\f(t)\\x < and limf \\f(t)\\ x = 0. 

0<t<T 

The sub-space C°([0,T],X) of L~([0,T],X) is defined by 
Cj([0,T],X)=L-([0,T],X)nC(]0,T],X). 

(4) Let y4 and S be two reals functions. The notation A < B means that there 
exists a constant C, independent of the effective parameters of A and B, such that 
A < CB. 

2.2. Besov spaces. The standard definition of Besov spaces passes through the Littlewood- 
Paley dyadic decomposition [I], [7j, and pU]. To this end, we take an arbitrary func- 
tion ij) G iS(R 2 ) whose Fourier transform ip is such that supp(^) C {£, \ < |£| < 
2}, and for f ^ 0, £ je z^(Jr) = 1, and define up G <S(R 2 ) by £(£) = 1 - E,>o^(|)- F ° r 

j G /Z, we write <fj(x) = 2 2 - ? <^(2- ? x) and ipj{x) = 2 2; 'ip(2^x) and we denote the convolution 
operators Sj and Aj, respectively, the convolution operators by (pj and ipj. 
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Definition 2.1. 

Let 1 < p, q < oo, s G R. 

1. A tempered distribution f belongs to the (inhomogeneous) Besov space Bt; q if and 
only if 

i 



^ = \\S f\\ P + ^2^||A,/|H <oo. 



2. The homogeneous Besov space B^' q is the space of f G iS'(1L 2 )/r[x] such that 



r,s,q 



52V«\\* S f\\l) <oo, 



Where H[X] is the space of polynomials 

An equivalent definition more adapted to the Quasi-geostrophic equations involves the 
semigroup (e _4(_A ) ) . 

Proposition 2.1. If s < and q = oo. Then 

(2.1) / G Bp' 00 <=► sup^||e-'(- A )7ll P < oo, 

(2.2) fe B s p °° <^=> VT>0, sup t^\\e- t{ - A)a f\\ p <C T . 

0<t<T 

Proof : This proposition can be easily proved by following the same lines as in the 
proof of Theorem 5.3 in [10] in the case of the heaat Kernel. One can see also the proof 
of Proposition 2.1 in [11]. ■ 

2.3. Intermediate results. We shall frequently use the following estimates on the op- 
erator e~ t( -~ A ^ a . 

Proposition 2.2. For t > 0, we set ICt the kernel of e _i( - _A ' )a . Then for all r G [l,oo] 
we have, 

(2.3) | |/Ct| | r = C\ r t ar , 

(2.4) ||V/C t || r = L7 2 X r -^, 

(2.5) \\nj\/}C t \\ r = C 3r t ar ~^, 

where a T = — 1) and C\ ri Ci r and C 3r are constants independent of t. 
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Proof : For the proof of (I2.3ti2.4p see The estimate (12. 5ft can be obtained by 
following the same argument of the proof of Proposition 11.1 in [10]. ■ 
Following the work of P.G. Lemarie-Rieusset, we introduce the notion of shift invariant 
functional space : 

Definition 2.2. A Banach space X is called shift invariant functional space if 

• SiR 2 )^ X^S'iR 2 ), 

• Vy? G S(R 2 ) and f G X, \\<p * f\\ x < C x \\f\\ x . 

Remark 2.1. The Lebesgue spaces and Besov spaces are shift invariant functional spaces. 

The proof of Theorem 11.11 requires the following lemmas. 
Lemma 2.1. Let X be a shift invariant functional space. If f G X then 
(2.6) sup||e-*(- A )7lU<C x ||/|U. 

i>0 

Moreover, if f G S(W) X then: e~ t( -^ a f G C(]0,oo[, ^(I 2 )*) and e^"^" f -> / %n 
X ast -> 0+ 

Proof : One obtain easily (12. 6p from (12. 3p . Let us prove the last statement. For 
t > 0, we denote by /Q the kernel of the operator e~^~^ a . Then /Ct(.) = t~«/C(t - ^.) 
where K = KL t =\. Since K G L 1 (M 2 ) and f JC(x)dx = 1, there exists a sequence (JC( n )) G 
(C™(R 2 )) N such that for all n, / /C (n) (x)rfx = 1 and (/C (n) ) n -> /C in L^M 2 ). Let (f n ) n 
be a sequence in C^°(1R 2 ) satisfying (/„)„ — > f in X. Now we consider the functions (u n ) n 
and u defined on M + * x M 2 by 

x) = Kt* f and w n (t, x) = /C( n)>t * /„ 

where K( n ),t{-) = ^~°^( n )(t - ^.) and * denotes the convolution in M 2 . 

One can easily verify that for all n, the function u n (t,£) = 1C(n)(t^0fn(£,) belongs to 
the space C(M + *, iS(IR 2 )) and satisfies u n {t, •) — > f n in 5*(R 2 ) as t goes to + . This implies 
that for all n, u n can be extended to a function in C(1R + , S*(IR 2 )) with /„ as value at 
t — 0. Consequently, to conclude the proof of the Lemma, we just need to show that the 
sequence (u n ) converges to u in the space L°° (M + ,X). To do this, we notice that for 
any t > and any n G N we have, 



U n (t) - u(t) = /C( n ) it * (/„ - /) + (fc(n),t - JCt) * /■ 
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Hence, 

\\u n (t) - U(t)\\ x < |]/C( n ), t ]| 1 ||/n-/||j C +|]/C( n ) >t -/Ct|| ll |j||^ 
< Cll/n-Zllx+ll^-^IIJI/Hx, 

which leads to the desired result. ■ 
The next lemma will be useful in the sequel. 

Lemma 2.2. Let X be a shift invariant functional space, T > and fi > 0. Then, for all 
f G L™([Q, T], X), the function C a (f) belongs to L°$([Q, T], X n ) and satisfies 

ll^at(/)lli°°([0,T] ) A: 7i ) — C \\f\\L™([0,T],X) 

where //' = // — 1 + and C is a constant depending only on a and X. Moreover, if f 
belongs to L~([0, T], S(R 2 f) then C a (f) belongs to the space C°,([0,T], (S(Wj X ) n ). 

Proof : The first assertion is a an immediate consequence of estimates f l2.4p - fl2.5l) . 
The last assertion can be easily proved by using the previous lemma and the Lebesgue's 
dominated convergence theorem, we left details to the reader. ■ 

Lemma 2.3. Let T > 0. 

The following assertions hold true: 

(1) The linear operator e~*( _A ) Q is continuous from B Q to Ey. 

(2) The bilinear operator B a is continuous from E^ x E^ — > E£ and its norm is 
independent ofT. 

Proof : The first assertion follows from the characterization of Besov spaces by the 
kernel e~ t<_A ) Q and the definition of B a The second assertion, is a direct consequence 
of the previous lemma and the fact that E£ = C°([0, T], (C (U. 2 )) n ) ■ 
The following Lemma, which is a direct consequence of the preceding one will be useful 
in the proof of Theorem 11.21 

Lemma 2.4. Let 6q G B a . The sequence n (#o) defined by 

MOo) = e- t( ~ A) X 

belongs to f| T>0 E^. Moreover, there exists a constant fiQ > (depending only on a ) 
such that if for some T > we have ||0o(/)||e£ < £*o then Vn G N*, 



2.7) H0n(0o)lk < 2 ll<M#o)|| 

1 

2™' 



(2.8) ||^+i(^o)-^o)lk < 4 
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In particular, the sequence (<j) n {0o))n converges in the space and its limit 6 is a mild 
solution to the equation (QG a ) with initial data 8q. 

The following elementary lemma will play a crucial role in this paper. 

Lemma 2.5. ( Gronwall type Lemma ) Let T > 0, c±,C2 > 0, k g]0, 1[ and f £ 
L°°(0,T) such that for all t £ [0,T] 



(t - 



(2.9) /(t) < ci + c 2 / 

./o 

T/ien 

(2.10) Vt£[0,T], f(t)<2 Cl e vt , 
where v = z/ KiC2 > 0. 

Proof : Let z/ > to be precise in the sequel and consider the function g defined on 
[0,71 by 

g(t) = sup e-*Y(s). 

0<s<t 

Clearly, we have 

< ci +P2/0 g(s)ds, 

< c 1 + c 2 'T K v K - 1 g(t), 

where 7 K = / °° Thus, if we choose v > such that C27 K ^ K_1 = | , we get the 
estimate (l2~T0l) . ■ 



Lemma 2.6. (iMaximum Principal) 

Let 8 be a mild solution to the equation (CQJ) belonging to the space C([0,T], ((^(M 2 ))^). 
T/ien V£ £ [0,T], we have 

(2.11) ||0(*)||oo<||0o||oo, 

(2.12) ||7e- L (e)(t)|| oo <2||7e- L (e )|| oo e^, 

where rj = ^H^lk > 0. 

Proof : The inequality (12. lip is proved in [15], [5] and |19j . for sufficiently smooth 
solution 9. To prove it in our case, we will proceed by linearization of the equations and 
regularization of the initial data. We consider a sequence of linear system (QGL n ) n : 

d t v-(-A) a v + V.(u n v) = 

v(o,.) = e n {.). 
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where (0 n ) n is a given sequence in C7?°(IR 2 ) converging to 9(0) in the space L°° (IR 2 ) and 
u n = uj n * TZ ± (9) with uj n (.) = n 2 uo(n.) where to G C^°(M 2 ) and J udx = 1. 
Let n G N. By converting the system (QGL n ) into the integral equation 

(iqgl„) v(t) = e- t( --^ a e n - f v . e -(t-°)(-*r Mds 

Jo 

and by following a standard method, one can easily prove that the system (QGL n ) has 
a unique global solution v n G rifc e NC ,oo ([0, T], H k (M 2 )). Hence we are allowed to make the 
following computations: Let p G [2, oo[. For any t G [0, T] we have 

--T- Hw«(*)ir = - / ((-A) a v)v\v\ p - 2 dx- f V.(u n v)v\v\ p - 2 dx 
pat J J 

= h(t)+h(t). 

Firstly, a simple integration by parts implies that I^t) = —hit) and so 

h(t) = 0. 

Secondly, by the positivity Lemma (see [T3] and [B]), we have 

hit) < 0. 

Therefore, 

sup |K(X)|L < ll^nlL • 
te[o,T] 

Letting p — > +oo, yields 

SUP IknWIL < II^IL- 

te[o,T] 

Consequently, to obtain the inequality (12. lip we just need to show that the sequence (v n ) n 
converges to the function 9 in the space L°°([0, T], L°°(M 2 )). To do this, we consider the 
sequence (w n ) n = (v n — 6) . Let t G [0, T] and n G N. We have 

w n (t) = e -'(-*) Q ( Wn (0)) - [\.e-^-^ a ((u n -n ± (9))v n )ds 



o 



V.e-<t-'X- A '> a (Tl- L {e)w n )ds. 
Thus, by using the Young inequality and Proposition 12.21 we easily get 

\\w n (t)\\ oo <\K -9(0)\L + C a T»A n B n + C a M e f t^^ds 

Jo [t — s) ' 

where C a is a constant depending only on a, 

A n = sup \\u n (t)-n ± (9)(t)\\ 

0<t<T 
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and 



B n = sup \\v n (., 

0<t<T 



M e = sup II 7^ (#)(£)! 

0<t<T 



Applying Lemma [2.51 we get 

sup |K(t)|L < C [\\9 n - e(0)\\oo + C a T v A n B n \ 

0<t<T 

where C is a constant depending on a, T and 9 only. 

Therefore, to obtain the desired conclusion, we just have to notice that the sequence 
(B n ) n is bounded and that A n — > as n — > oo thanks to the uniform continuity of the 
function 7Z ± (9) on [0, T]xR 2 , which is a consequence of the fact TV- {9) G C([0, T],C (R 2 )) 

Now, let us establish the inequality (I2.12p . For any t G [0, T], we have 

n\e)(t) = e~^ a {n ± (9)(o)) - [ t n ± v.e-^- A '> a {Ti ± {9)e)ds. 

Jo 

Applying the Young inequality and ( 12. 5ft . we get 

k it - sf 



where the constant C depends only on m. Hence, Lemma [2T51 leads the desired inequality. 



3. Proof of Theorem 11.11 



According to Lemma [2.3[ there exists T > such that ||e~ i( ~ A ) $o|| E i/ ^ A*o where fi is 
the real defined by Lemma 12.41 Therefore, the same lemma ensures that the equation 
(QG a ) with initial data #o has a mild solution 9 belonging to the space E^. Following a 
standard arguments (see for example the proof of the [TUl Lemma]), the uniqueness of the 
solution 9 can be easily deduced from the continuity of the operator B a on the space E£. 
Hence, there exists a unique maximal solution, 

9e p| e u t . 

0<T<T* 

where T* is the maximal time existence. Let us show that, 



9 G C([0,T*),B Q ). 
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Thanks to the embedding, 

(C (H 2 ))n C B a , 
and Lemma |2~T| we just need to prove the continuity of, 

N(9)(t) = B a [9,9](t), 

at t = + in the space B a . Even more, we show that 

lim N(9)(t) = 0, in B Q . 

For that, we use Proposition 12.21 the Young inequality and estimates (12. 4p — (12.51) . to get 



\\N(9)(t)\\B« < sup r [\t + t 
o<t'<i Jo 



and hence we obtain, 

(3-1) \\N(9)(t)\\^<\\9\\ 2 K . 



Since the right hand side of (13.11) goes to as t goes + we obtain the desired result. 
It remains to show that the solution 9 is global, that is T* = oo. We argue by contra- 
diction. If T* < oo then, from Lemma [2.41 we must have, 



V0<t <T*, ||e^ A ^(t )|| EI , >/i , 

T*-i 

which yields by the Young inequality 

(3-2) ll^o)IL + |l^(g)fa)lL> iT *-t y 

where c > is a universal constant. Which contradicts the maximum principal ( Lemma 
[23]). 

4. Proof of Theorem 11.21 

Along this section, we consider 9q a given initial data belonging to the space B Q and we 
denote by 9 the solution to the equation (QG Q ) given by Theorem ll.il We will establish 
the persistency of the regularity of the initial data. That is, if moreover 9q G X for a 
suitable Banach spaces X then the solution 9 G C([0, oo),X). 
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4.1. Propagation of the L p regularity. In this subsection we will prove the propa- 
gation of the initial L p regularity. Precisely, we prove the following proposition. 

Proposition 4.1. Let X = W ; with p G [ 1, oo ]. If 9 G X then 9 G f] T>0 L°°([0, T], X). 
Moreover, if 9 G S(R 2 ) X then 9 G C([0, oo), S(R 2 f) 

Proof : assume 9q G X and let T > 0. We consider the Banach spaces Zi = 
and Z2 = L°°([0, T], X) endowed respectively with the norm 

IM|zi= sup e~ xt t u I |f(t)||oo and |M|z 2 = sup e~ xt \\v {t)\\ p , 

0<t<T 0<t<T 

where A > to be fixed later. We consider the linear integral equation, 
(4.1) v = * e (v)=e tA2a 9 + B a [9,v}. 

Let k G {1;2}. According to Lemma 12.21 the affine functional : Z& — > Z& is 
continuous. Let us estimate the norm of its linear part, 

K 9 (v) = B a [6,v]- 

Let e > to be chosen later. A direct computation using (12.41) gives, 

ll^|| £(Zl ) = sup ||^(u)|| Zl 
ll«ll Zl 

< C x sup t v [ (t-T)-^T- 2u e- x{t - T) \\9\\ E „dr 

0<t<T Jo 

< C 2 (\\9\\ EV sup t v [ (t-Ty^T- 2u dT + T v E~ 2v \\9\\ w \- v V{v)\ 

V e 0<t<e Jo T J 

< C3(||^|| E ,+^ £ - 2 ^||e|| E ,). 

where the constants C\, C 2 and C3 depend only on a. Similarly, we prove the estimate, 

\\Ko\\c(z 2 ) < C (||0|Ies + T u e~ 2v \~ v ||0|| E *) 

where C is a constant depending only on a. Since, ||0||e" ^ as e — > + , one 
can choose, successively, e small enough and A large enough so that ^>g becomes a 
contraction on Zi and Z 2 and therefore on Z x PI Z 2 . Let V\ and v 1 . 2 be the unique 
fixed point of ^ respectively in Zi and Zi H Z 2 . Now, since Z x fl Z 2 C Z x then 
^1 = ^1,2- Moreover, by construction is a fixed point of tyg in Zi thus 6 1 = v x = f 12 and 
hence 9 G L°°([0, T], X). 

The proof of the last statement of the proposition is identically similar, we have only to 
replace Z 2 by C([0, T], S(M?) X ). m 
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4.2. Propagation of B'^ q regularity for s > 0. In this section, we prove an abstract 
result, which implies in particular the persistence of the Bp' q regularity for s > 0. Our 
result states as follows : 

Proposition 4.2. Let X be a shift invariant functional space such that for a constant C 
(4.2) V/ l5 6ln L°°(M 2 ), \\fg\\ x < C (\\f\L Mix + IML 11/11*) ■ 

If the initial data 9q belongs to Xn then the solution 9 belongs to Ht>o L°°([0, T], Xk). 
Moreover, if 9 belongs to (S(R 2 ) X ) n then 6 belongs to C (r + , (S(R 2 ) X )n^ )■ 

The proof of this proposition relies essentially on the two followings lemmas. The first 
one is an elementary compactness lemma : 

Lemma 4.1. Let A > and K a compact subset of~B a . Then there exists 8 = 5(K, A) > 
such that 

VfeK, ||e-*(-*)7L<A. 

5 

Proof : For n E W, we set 

K={/GB«, ||e-*- A >7|| E , /n <A}. 

We claim that, Vw 6 N*, V n is an open subset of B a and U n V n = B a . This follows easily 
from the continuity of the linear operator e~* ( - _A - )Q from B° into for all T > and the 
propriety 

V/ G B a , lim ||e-*(- A 5°/|L = 0. 

J T^O 11 llE T 

Thus, since K is a compact subset of B a , there exists a finite subset I G N* such that 
K C UiV n = V n * where n* = ma,x(n £ /). Hence, we conclude that the choice 5 = 1/n* is 
suitable. ■ 



The second lemma establishes a local in time propagation of the X regularity. 



x 



Lemma 4.2. Let X be as in the Proposition \4-S\ If 0q belongs to X-r (resp. (5*(M 2 ) )n) 
then there exists 5 = 8(X,a) > such that the solution 9 £ L°° ([0, 8] , Xr.) ( resp. 



C (^[0,5] , (iS(IR 2 ) Moreover, the time 8 is bounded below by, 

sup{r>0, ||e- t( " A) "0o|| E , <»}, 
where \x is a non negative constant depending on X and a only. 
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Proof : let us consider the case of 8q G X-r. The proof in the other case is similar. 
Let fx G ]0,/xo[ to be chosen later and let T > such that ||e~^ _A ' )a ^o|| E1 , < Li- According 
to the Lemma [2.41 the sequence (0 n ($o)) n converges in to the solution 9 and satisfies 
the following estimates 

(4.3) sup||0 n (0 o )|| E , < H 

n T 

(4.4) Vrt G N, \\<f>n+x(eo) ~ <t>n(8o)\\ E » T < 2~ n . 

Then, to conclude we just need to show that {<f> n (9o)) n is a Cauchy sequence in the Banach 
space z-r = L°° ([0, T] , X-r) endowed with its natural norm, 

Niz* = sup (iK*)ii x + ||^»(£)y. 

0<t<S 

Firstly, using the Lemma [2721 and the fact that (0n(#o)) n £ Ey, we infer inductively that 
the sequence (0n(#o)) n belongs to the space Z^. Secondly, once again the Lemma [2721 
implies that the sequence {u n+ i) n = (0 n +i(#o) — 4>n(@o)) n satisfies the following inequality 

IK+i|| Ztc < C(ll0n(^o)|lz K + Un-li^WzJ IK|| E £ 

+C (\\M0o)\\^ T + \\<f>n-l(0o)\\ E ») IK|| Zk , 
where C = C(X,a) > 0. This inequality combined with the estimates fl4.3l) - fl4.4p yields 

ll^n+lHz^ <CQ) (ll0n(#o)|lz K + ll</>n-l(#o)|| Z J + 4C0 KHz* 

Finally, if we choose ft > such that AC fx < 1 one can conclude the proof by using the 
following Lemma which is inspired from [8]. ■ 

Lemma 4.3. Let (x n ) n be a sequence in a normed vector space (Z, ||.||) . If there exist a 
constant AG [0, 1[ and (o~ n ) n G Z*(N) such that: 



(4.5) Vn G N*, \\x n+1 - x n \\ < a 



lll 5 



then the series Y2 n \\ x n+i — a;^ || converges. In particular, (x n ) n is a Cauchy sequence in 
Z. 

Proof : let us define the sequence M n = sup fc<n \\xk\\ ■ It follows inductively from (14.51) 

n-l 

||^n+l — x n\\ < 2 Q- n _ k M n ^ k \ k , 
k=0 

(4.6) < w n M n , 
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where w n = 2 J2k=o cr n ^ k X k . 

Noticing that since (zcr n ) n is a convolution of two sequences in / X (N) then (zu n ) n belongs 
to Therefore, we just need to show that the sequence (M n ) n is bounded. This is 

somehow obvious. In fact, using the triangular inequality ||a; n +i|| < \\x n \\ + \\x n+ i — x n \\ , 
OMD yields 

M n+1 < (l + w n )M n . 

Which in turn implies 

M n <U n k zl{l + w k ) < e ^>o-». 

The proof is then achieved. ■ 
Now let us see how the two previous lemmas allow to prove the Proposition 14.21 
Proof : as usual we consider only the case of 9$ £ X-r. Let T > 0. By the Theorem 11.11 
the solution 9 is continous from R + into B a , then K = 9([0,T]) is a compact subset of 
B a . Therefore, in view of the Lemma [4.11 there exists 5 > such that 

(4.7) VrG[0,T], ||e-*<- A > a 0(r)|| E? < ^ 

where [Iq is the real given by Lemma 14.21 Now, we consider a repartition — to < • • • < 
£jv+i = T of the interval [0, T] such that sup^tj+i — t\ < |. We will show inductively that 

(4.8) 9eL°°([t i ,t i+1 },X n ), 

which implies in turn the desired result 9 G L°° ([0, T] , X-r) . First, by the Lemma [4.21 
the claim (14.81) is true for % = 0. Assume that, it is also true for i < N. Then there 
exists r in }ti,t i+ i[ such that 9 = 9(r ) G X PI B a . We notice that 9 = 9(. + r ) is the 
unique solution given by Theorem 1 1 . 1 1 of the Quasi-geostrophic equation with initial data 
9 . Then according to Lemma I4T21 and (14. 7p . we get 9 G L°° ([r , r + 5} , Xn). Hence, we 
are ready to conclude since tj +2 ] C [r , r + 5} . m 

4.3. Propagation of B^ q regularity for s < 0. 

Proposition 4.3. Let X be B^ q or Bp' q with s < and 1 < p, q < oo. If 9 belongs to 
X-ji then the solution 

9e flL°°([0,T],X^). 

r>o 

As in the case s > 0, by using the compactness lemma HTTl we just need to prove the 
following local persistency result : 
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Lemma 4.4. If 9q G Xn then there exists 5 > such that, 



0eL°°([O,<S],Xtt). 
Moreover, the time 5 is bounded below by, 

sup{T>0/|| e ^- A )^ || E , </*o} 



where /xq groen &?/ Lemma 2.4 



Proof : we consider only the case of X = B p ,q . The proof in the other case is similar. 
Let T > such that 

|| e -' ( - A »°e„|| E . < 

According to the Lemma [2T41 the sequence (</> n (^o))n satisfies 

(4-9) ||0n + l(^o)-0n(^o)lk 

and converges to the solution 9 in E£. Our first task is to prove that (4> n (9o)) n is a 
Cauchy sequence in the space, 

Xl p = {v:{Q,T]^W- \\v\\ x t = sup t^{\\v{t)\\ p +\\K\v){t)\\ p ) <™}, 

0<t<T 

where a = — s. 

Thanks to the Besov characterization (12.21) and Lemma |2~2| we can show inductively that 

r 

'■p 



^n(^o)) belongs to Xj and satisfies, 



(4.10) 

\\<Pn + i(9 ) - M0o)\\xt p < C\\M&o) -^-i(eo)||E^max(||0 n (e o )|U^,||0n-i^o)IU^)- 

Thus, By (14.91) and Lemma I4T51 we deduce that (0 n (#o))n is a Cauchy sequence in Xj . 
Therefore its limit 9 G X^ p . Now by a simple computation using the characterization 
(P we deduce that G L°°([0, T ], (B s p ^) n ). Moreover, for e > such that 

(4.11) -l<s±e<0, 

one can show that the nonlinear part N(9)(t) = B a [9, 9] (t) satisfies 

(4.12) \\N(9)(t)\\B^,oo + \\K x N(9)(t)\\ BS ± Cj00 < C^t^M^ \\9\\ X T p . 
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Indeed, we have r e]0, 1[ 

T-^\\e~ Ti ~ A)a N(6)(t)\\ p < C [\t + T-ry^T-^r- v r-^dr\\6\\ E » T \\6\\ X T , 

Jo 

< C ( ) 2« (+ + r — r) 2 Q r r 2 a0 ( r 

Jo t + T-r 

(4.13) < C I {t-r) ~ l ~^\ - v r-&dr\\0\\ E »\\0\\ X T 



o 



(4.14) < cr^ \\e\\ E *\\6\\ X T p , 

Where to obtain (j4.13p . we have used the facts that , < t+ T T _ r < 1, t + r — r >t — r 
and ( 14. lip . Similarly, we have the same estimate ( 14.14p for the TZ- L N{6){t). Hence, by 
PropositionOwe get (pTP2]) . Thus, by interpolation we obtain N{6) E L°°([0, T], (I?*' 1 )^) 
which implies G L°°([0,T], (B s /) n ). m 

4.4. The case of null regularity s = 0. In this subsection we aim to prove the following 
result, 

Proposition 4.4. Let X be Bp' q or B® ,q with 1 < p, q < oo. If 6 E X then the solution 

6e f|L°°([0,T],X). 

r>o 

Thanks to the following imbedding, 

R ' 1 r fl°'i r R >°° 

and 

B / C C 5°'°°, 

the proof of the above proposition is an immediate consequence of the following lemma, 
Lemma 4.5. // 6 E B^°° then N(8) = B a [6,6] (t) belongs to f] T>0 L°°([0, T],B^ X ). 
Proof : By using the Young inequality we deduce that 

n Bj 2a -V'°° c £f ~ a '°°. 

Observe that s* = | — a < and hence according to the proof of the proposition 14.31 
and to the continuity of the Riesz transforms on homogeneous Besov spaces, we have 
6 E [)t>o ,2 P where a* = a — ~. Let T > and < a < 2a — 1. The basic estimate, 

\\V^Ve-*-*rf\\ p <c r*&\\f\\ p . 
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yields immediately 

\\(V^A)^N(e)(t)\\ p <cr^\\e\\ 2 

Now, we use the interpolation result (see Theorem 6.3 in p]) 
to deduce, 

(4.15) V0<t<T, \\Nm)\\&<C\\e\\** t , 
that implies, 

(4.16) iV(0) eL oo ([0,r], J B°' 1 ). 



Remark 4.1. j4s in the context of 'the Navier-Stokes equations [5], we observe thanks to 
\4-l 6\ ) and §£7T5) that in the case — 1 < s < , the fluctuation term w(t) is more regular 



than the tendency e ^ A ^ a 9 . 

5. Proof of Theorem 11.31 

The existence part is a direct consequence of Theorem ll.il Theorem II .21 and the follow- 
ing embedding (consequence of Bernstein's inequality and the boundedness of the Riesz 
transforms on Lebesgue's and Sobolev's spaces) 

L P (R 2 ) C B a Vp>p c , 

H S (R 2 ) = Bf(R 2 ) cB 9 Vs>s, 

Let us establish the uniqueness part. First we notice that since for s > s c then 

H S (R 2 ) ^ H Sc (R 2 ) ^ L Pc (R 2 ). 

therefore, we just need to prove the uniqueness in the spaces (C([0, T], L p (R 2 ))) p>pc . This 
will be deduced from the following continuity result of the bilinear operator B a . 

Lemma 5.1. Let p E]p c , 00 [, q G]l, oof and T > 0. There exists a constant C independent 
of T such that: 

• for any u, v in L^LF, 
(5.1) \\Ba[u,v]\\ L ^ LP < C T \\u\\ L cc, LP \\v\\ L cc, LP , 

where a = -(- — -). 
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• for any u, v in L^IA, 

(5.2) \\B [U, V\ || L q L p c 

+ \\B 

[V, U\ \\ L q L p c < C ||M|| L oo L p c \\v\\ L q L p c 



for any u G L%?L% and v G L q T L p % 



(5.3) 



\B a [u,v] 



\L q T LPc 



\Ba[v,u]\\ LlLPc <CT l a- IMU™ ||v|| iUPc . 



Proof : Estimate (15.11) follows easily from the continuity of the Riesz transforms on 
the Lebesgue spaces L r (M. 2 ) with 1 < r < oo, the Young and the Holder inequality and 
the estimate 12.41 on the Z/(R 2 ) norm of the kernel of the operator Ve~^ _s ^ _A - ) . Estimate 
(15. 2p is a consequence of the continuity of the Riesz transforms on the space L Pc (M 2 ), the 
Holder inequality, the Sobolev embedding 



V 



■A) 



< 



and the following maximal regularity property of the operator (— A) c 



< 



\ V \\LlLPc 



L q T Lvc 



which can be proved by following the proof of Theorem 7.3 in [10J. Let us now prove 
estimate (I5.3p . For any t G [0,T] we have 

rt i 



\B a [u,v](t)\\ 



o (t-sy/ 



2a 



Z II^WIl^ (W -as J * (1m IKs)ILJ (*) 

where the star * denotes the convolution in R. Hence the Young inequality yields 



\B a [u,v]\\ LUPc < 11^(^)11 T 1 i \\v\\ LlLPc 



Similarly, we obtain 



\ B a[v,u}\\ LqLPc < T 1 L \\ U \\ „ ||7^(v)|| 9 



\u\ 



Estimate (15.31) is then proved. 



Now we are ready to finish the proof of the uniqueness. Let p > p c and T > be two 
reals number and let 9\ and 82 be two mild solutions of the equation (QG a ) with the same 
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data O such that 9 U B 2 G C([0, T], L P (M 2 )). We aim to show that 9 X = 9 2 on [0,T]. For 
this, we will argue by contradiction. Then we suppose that t* < T where 

U = sup{t G [0,T];Vs G [0,t], 0i(s) = 9 2 {s)}. 

To conclude, we need to prove that there exists S g]0, T — t*] such that 9\ = 9 2 on [0, S], 
where Q\ and 9 2 are the functions defined on [0, T — t*] by 

= 0i (f + t.), 2 (O = B 2 (t + Q. 

We deal separately with the sub-critical case and the critical case: 

The first case: p > p c . Thanks to the continuity of 6\ and 9 2 on [0,T], we have 
6\ (r*) = 9 2 (t*). Hence, the functions d\ and 9 2 are two mild solutions on [0, 8q = T — t*] 
of the equation (QG a ) with the same data #i(t*). Therefore, the function 9 = 9\ — 9 2 
satisfies the equation 

(5.4) d = B a [d u e\-B«[0M 

Thus, according to (15. ip we have for any 5 g]0, S ] 



< C5 a 



< C5 a ||0i 













01 


+ 


9 2 




9 













10 



2 \\L^LP 



where C > is independent on 5. 

Consequently, for 5 small enough, = on [0, S] which ends the proof in the sub-critical 
case. 

The second case: p = p c . Choose a fix real q > 1 and let e > to be chosen later. By 
density of smooth functions in the space C([0, T], L Pc (M 2 )), one can decompose 0i and 9 2 
into 0i = u\ + V\ and 9 2 = u 2 + v 2 with 



(5.5) 
(5.6) 



Ml 



FiIIl-l- 



1^2 Ul-^ 



< e, 

= M < 00. 



As in the previous case, the function = 9\ — 9 2 satisfies the equations 

= B a [9 l ,~9]+B a [9,~9 2 } 

= B a [u u 9} + B a [9, u 2 ] + B a [v u 9} + B a [9, v 2 \. 

Now by applying (I5.2p - fl5.3l) and using fl5.5p - fl5.6l) we get, for any 5 g]0, So], the following 
estimate 



C C[e + 5 l -^M 



L«LP 



GLOBAL EXISTENCE AND PERSISTENCY OF THE INITIAL REGULARITY 



21 



where C > is a constant depending only on a,p and q. 

Thus, by choosing e small enough, we conclude that there exists 5 g]0, 5 ] such that 



LlLv 



0, which implies that 9\ = 82 on [0, 5}. The proof is then achieved. 



Remark 5.1. The idea of the proof of the uniqueness in the critical case is inspired from 
the paper [12] of S. Monniaux. 
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